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2 ODE 2 .
. ODE ,
– . , ODE ,
. Turing , 2
ODE
. , Turing , Hopf
. ,
, – , onset
.





, ([1], [2], [5])
2 .
$\{$
$u_{t}$ $=$ $D_{1} \Delta u+f(u, v)-s\frac{1}{L}\int_{0}^{L}udx$
$v_{t}$ $=$ $D_{2}\Delta v+g(u, v),$ $x\in[0, L]$
(1.1)
, $D_{1},$ $D_{2},$ $L>0,$ $s\geq 0$ $f(\mathrm{O}, \mathrm{O})=g(\mathrm{O}, 0)=0$
$\frac{\partial(f,g)}{\partial(u,v)}|_{(u,v)=(0,0)}=(pq$ $=_{1}^{p})$
. $(f, g)$ $q$ $q>1$ $p=1$ Hopf
. .
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$0$ , $0$- Hopf $p=1+s$ ,
\pm l- Hopf p $= \mathrm{I}+(\mathrm{D}_{\mathrm{I}}+\mathrm{D}_{2})(\frac{2\pi}{L})^{2}\text{ }$ .
O- Hopf . ,
$\pm 1$- Hopf . $\mathit{8}=(D_{l}+D_{\mathit{2}})(\frac{2\pi}{L})^{\mathit{2}}$
$p=1+s$ 3 Hopf . Hopf
. $\mu_{0}=\nu_{0}+i\omega_{0},$ $\mu_{1}=\nu_{1}+i\omega_{1}$
$0,$ \pm 1- .
1.1 $\omega_{0}\neq 0,\omega_{1}\neq 0,$ $\omega_{0}\pm 2\omega_{1}\neq 0$ . HoPf




$=\mu \mathit{0}^{Z}0$ $-$ $z_{0}(g00|z_{0}|^{\mathit{2}}+g_{01}|z_{1}|^{2}+g_{01}|z_{-1}|^{2})+O(||(z_{0},\overline{z_{0}},z_{1}\cdot,T_{1^{Z}-1},,\overline{z_{-1}})||^{4})$
$\dot{z}_{1}$ $=\mu_{1}z_{1}$ $-$ $z_{1}(g_{1}\mathrm{o}|z_{\mathit{0}}|^{\mathit{2}}+g_{11}|z_{1}|^{2}+g_{12}|z_{-1}|^{2})+O(||(z_{0},\overline{z_{0}},z_{1},\overline{z_{1}},z_{-1},\overline{z_{-1}})||^{4})$
$z_{-1}.=\mu_{1^{Z_{-1}}}-z_{-1}(g_{1}\mathrm{o}|z_{0}|^{2}+g_{12}|z_{1}|^{2}+g_{11}|z_{-1}|^{\mathit{2}})+O(||(z_{0},\overline{z_{0}},z_{1},T_{1},z_{-1},\overline{z_{-1}})||^{4})$
$z_{i}\in \mathrm{C}$ $iFo\mathrm{u}7\dot{\tau}er$ $\alpha$:
$z_{i}=\alpha_{i}+O(||\alpha||^{2})$ .






$z_{1}(g\iota 0|z_{0}|^{2}+(g_{11}+g_{1\mathit{2}})|z_{1}|^{2})$ $+O$ ( $||(z_{0},$ To, $z_{1},\overline{z_{1}})||^{4}$)
3 , $\pm 1$- $\mu_{1}$ , Hopf-Hopf
– ([3]) . – ,
phase shift SO(2) . , z
3 , ,
.
truncated dynamics $z_{j}=\mathrm{r}_{j}e^{i\theta_{j}}$ .
$\{$
$\dot{r}_{0}$ $=\nu_{0}r_{0}$ $-$ $r_{0}(\Re g_{00}r_{0}^{2}+\Re g_{01}r_{1}^{\mathit{2}}+\Re g_{01}r_{-1}^{\mathit{2}})$
$\dot{r}_{1}$ $=\nu_{1}r_{1}$ $-$ $r_{1}(\Re g_{10}r_{0}^{2}+\Re g_{11}r_{1}^{2}+\Re g_{1\mathit{2}}r_{-1}^{\mathit{2}})$
$r_{-1}$
.
$=\nu_{1^{\Gamma}-1}$ $-$ $r_{-1}(\Re g_{10}r_{0}^{2}+\Re g_{12}r_{1}^{2}+\Re g\iota\iota^{r_{-1}^{2})}$
$(r_{0}, r_{1}, r_{-1})=(r_{0}^{*}, \mathrm{r}_{1}^{*}, r_{2}^{*})$ :
$\{(z_{0}, z_{1}, z_{-1});(|z\mathrm{o}|, |z_{1}|, |z_{-1}|)=(r_{0}^{*}, r_{1}^{*}, r_{2}^{*})\}$ . 3 $gjk$ $\mu\iota$ ,
.
1. (Uniform Oscillation) : $(\mathrm{r}_{0}^{*}, r_{1}^{*}, r_{2}^{*})=(\mathrm{r}, 0,0)$ .
2. (Rotating Wave) : $(r_{0}^{\mathrm{s}},r_{1}^{*},r_{2}^{*})=(0, r, 0)$ $(0,0,r)$ .
3. (Standing Wave) : $(r_{0}^{*}, r_{1}^{*}, r_{2}^{*})=(0, r, r)$ .
4. (Mixed Rotating Wave) : $(r_{0}^{*}, r_{1}^{*}, r_{2}^{*})=(r, r’, 0)$ $(r, 0, r’)$ .
2
5. (Mixed Standing Wave) : $(r_{0}^{*}, r_{1}^{*}, r_{2}^{*})=(r, r’, r’)$ .
$r,$ $r’$ .
, (11)
. , (u, v) \vdash L, L]
. $L’=2L$ (11)
. sub dynamics .
,
. \pm 1- . Rotating
Wave(RW) Standing Wave(SW) .
$s=(D_{1}+D_{2})(2\pi/L)^{2}$ $P=1+s$ 3 $s>(D_{1}+$
$D_{2})(2\pi/L)^{2},p=1+(D_{1}+D_{2})(\mathit{2}\pi/L)^{2}$ \pm 1. .
\pm 1- . .
, 3
. , \pm 1- .
$!l!|\underline{\vee}!..\xi||^{\iota}.,i,||||||!\vee|1l||||.||||f|\mathit{1}\{|||||\dagger!|||||||!\mathrm{t}!|!\{|\mathrm{I}.\mathrm{I}$ li-
$i:.‘ \mathrm{i}overline{i}.;.l:.t\mathfrak{i}\dot{l}^{\backslash }\neq l^{\backslash }\iota \mathrm{b}..l-\cdot.\mathrm{J}*’\cdot\ ^{\vee}...\alpha\cdot\cdot,.’ r\cdot\backslash \cdot \mathrm{v}.\backslash \cdot.\wedge\cdot...\cdot.d1^{\cdot}\backslash :i^{1\xi r}|i||\iota||||||".|\vee|\lambda...|!:|\iota|||!||||\iota]|||!|||]|\mathrm{i}|!1.!|||||||\iota||.||\rangle$
1: (11) . , ( ).
. $L=\mathit{2}\pi,p=2.01,$ $q=1.5,$ $s=2.0,$ $D_{1}=0.8,$ $D_{\mathit{2}}=0.\mathit{2},$ $a_{1}=b_{1}=$
$c_{1}=c_{2}=c_{3}=0$. $a_{2}=1,$ $b_{2}=0$ , $a_{2}=0,$ $b_{2}=1$ . SW
RW , RW SW
. , 3 .
.
$f(u, v)$ $=$ $p(u-v)+a_{1}u^{2}+2b_{1}uv+c_{1}v^{2}-\mathrm{c}_{3}u^{3}$
(1.2)
$g(u, v)$ $=$ $qu-v+a_{2}u^{2}+2b_{2}uv+c_{2}v^{2}$
. 3 $\mathrm{R}\mathrm{W}$ , 2
$\mathrm{S}\mathrm{W}$ ( 1).
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2: (11) . $L=\pi,p=2.01,$ $q=$
$1.5,$ $s=\mathit{2}.0,$ $D_{1}=0.8,$ $D_{2}=0.2,$ $a_{1}=b_{1}=c_{1}=a_{2}=b_{2}=c_{2}=0,$ $c\mathrm{a}=1$ . ,





$u_{t}$ $=$ $D_{1}\Delta u+f(u, v)-sw$
$v_{t}$ $=$ $D_{\mathit{2}}\Delta v+g(u, v)$
$\tau w_{t}$ $=$ $D_{\infty}\Delta w+u-w$
2 Hopf
(ll) (u, v)= $(0,0)$ .
, $m$ $m$
. s=0 . m
$A_{m}=$ $m\in \mathrm{Z}$ (2.1)
. $=2\pi/L$ . , ,
$0$ Hopf $P=1$ , $m$ Hopf
p=l+m2(Dl+D2)k02 . . –












\sim Hopf $p=1+s$ , 0-
. $s>(D_{1}+D_{2})k_{0}^{2}$
$\pm 1$- $\langle$ Hopf .
, $\pm 1$- $p=l+(D_{l}+D_{\mathit{2}})k_{0}^{2}$
$D_{1}>D_{2}+D_{2}k_{0}^{2}$ . , $D_{1}>D_{2}$ $\pm 2$ $p=1+(D_{1}+D_{\mathit{2}})k_{0}^{2}$
. , .
21 (1.1) $D_{l}>D_{\mathit{2}}+D_{\mathit{2}}k_{0}^{2}$ $D_{1}>D_{2}$ $p\approx 1+(D_{1}+D_{2})k_{0}^{\mathit{2}}$ .
22 2.1 (1.1) 2 ,
2 $g_{11},$ $g_{12}$ 2 ODE .





, (u, vv) ( ) 1
ODE .
$\dot{z}_{1}=\mu_{1}z_{1}-(g_{11}+g_{12})z_{1}|z_{1}|^{\mathit{2}}+O(||(z_{1},\overline{z_{1}})||^{4})$
23 2.1 Hopf .
3 Hopf
$\pm 1$- 21 , ,
22 $\mathit{9}\iota 1,$ $g12$ . $u(t, x)= \sum_{m\epsilon \mathrm{Z}}\alpha_{m}(t)e^{imx},$ $v(t, x)=$
$\sum_{m\epsilon \mathrm{z}}\beta_{m}(t)e^{imx}$ , (1.1) ,
$(\alpha:m\beta_{m})=A_{m}+(h.\mathit{0}.t)$ , $m\in \mathrm{Z}$
. , $u,$ $v\in \mathrm{R}$ $\alpha_{m}=\overline{\alpha_{-m}},$ $\beta_{m}=\overline{\beta_{-m}}$
. , $m=\pm 1$ Hopf $\mu_{1}=\nu_{1}+i\omega_{1}$ .
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. $Z\pm 1=\tilde{\alpha}\pm 1+i\overline{\beta}\pm 1$ . ,
$\tilde{\alpha}\pm 1=\frac{z_{\pm 1}+\overline{z_{\mp 1}}}{2},\tilde{\beta}\pm 1=\frac{Z\pm 1-\overline{l\mp 1}}{\mathit{2}i}$ ,
1, .
$\dot{z}_{1}=\mu_{1}z_{1}+Q(z_{1}, z_{-1},\overline{z_{1}},\overline{z_{-1}},\alpha, \beta)+C(z_{1}, z_{-1},\overline{z_{1}},\overline{z_{-1}}, \alpha, \beta)$
$z_{-1}=\mu_{1}z_{-1}+Q(z_{-1}, z_{1},\overline{z_{-}\iota},\overline{z_{1}}, \alpha, \beta)+C(z_{1}, z_{-1},\overline{z_{1}}, \overline{z_{-1}}, \alpha, \beta)$
, $Q,$ $C$ 2 , 3 , $(\alpha, \beta)$ $\{(\alpha_{m},\beta_{m});|m|\neq 1\}$
. –
, .





$+$ $H_{11}z_{1}|z_{1}|^{\mathit{2}}+H_{12^{Z_{1}}}|z_{-1}|^{2}+(other$ cubic $terms\rangle$ $+O(\delta^{4})$
, $F_{01}$ , $F_{10},$ $F_{11},$ $G00,$ $G_{01},$ $G_{10},$ $G_{11},$ $H_{11},$ $H_{12}$ .
(Appendix . $F,$ $G$ : $F00=G_{00},$ $F_{01}=G_{01},$ $F_{10}=G_{10},$ $F_{11}=G_{11}$
) $\sum_{m_{1}+m_{2}=1}\alpha_{m_{1}}\alpha_{m_{2}}$ $\sum_{m_{1}+m_{2}+m_{3}=1}\alpha_{m_{1}}\alpha_{m_{2}}\alpha_{m_{3}}$
, 2 O(\mbox{\boldmath $\delta$}4) ,
. – , $0,2$- 2 $O(\delta^{3})$
. 2





, 2 near identity
2 .
$w_{1}=z_{1}$ $+$ $s_{00^{z_{1}\alpha_{0}}}+S01^{Z}1\beta 0+s_{10^{\overline{z_{-\iota^{\alpha_{0}}}}}}+S_{11}\overline{z_{-1}}\beta_{0}$
$+$ Too $z_{-1}\alpha_{2}+T_{01^{Z_{-1}}}\beta_{2}+T_{10}\overline{z_{1}}\alpha_{2}+T_{11}\overline{z_{1}}\beta_{2}$
$S_{00},$ $S_{01},$ $S_{10},$ $S_{11},$ $\mathrm{T}_{00}$ , $T_{01},$ $T_{10}$ , $T_{11}$ 2
. $z_{1}$
$\dot{w}_{1}=\mu_{1}w_{1}$ $+$ $\tilde{F}_{\alpha)}z_{1}\alpha_{0}+\tilde{F}_{01^{Z}1}\beta_{0}+\tilde{p}_{10^{\overline{z_{-1}}\alpha_{0}}}+\tilde{F}_{11}\overline{z_{-1}}\beta 0$
$+$ $\tilde{G}\alpha)Z_{-1}\alpha_{2}+\overline{G}0\iota z_{-1}\beta_{2}+\tilde{G}_{10^{\overline{Z_{1}}\alpha_{\mathit{2}}}}+\tilde{G}_{11}\overline{z_{1}}\beta_{2}$
$+$ $\tilde{H}_{11}z_{1}|z_{1}|^{2}+\tilde{H}_{12}z_{1}|z_{-1}|^{\mathit{2}}+$ (other cubic $terms$) $+O(\delta^{4})$
$\tilde{F}$ .
$=$ ${}^{t}A_{0}+$ , $=(^{t}A_{0}+(\overline{\mu_{1}}-\mu_{1})I)+$ ,
$=$ $\iota_{A_{2}}+$ , $=(^{t}A_{2}+(\overline{\mu_{1}}-\mu_{1})I)+$
$\tilde{H}_{11}$ $=$ $H_{11}+S_{\alpha)}D_{01}^{1}+S_{01}D_{01}^{2}+T_{10}E_{0}^{1}+T_{11}E_{0}^{2}$
$\tilde{H}_{12}$ $=$ $H_{1\mathit{2}}+S_{00}D_{10}^{1}+S_{01}D_{10}^{\mathit{2}}+S_{10}D_{00}^{1}+S_{11}D_{00}^{\mathit{2}}+T_{\alpha)}E_{1}^{1}+T_{\mathit{0}1}E_{1}^{2}$
\pm 1. $\mu_{1}=i\omega_{1}\neq 0$ , $\overline{\mu_{1}}-\mu\iota=-2i\omega_{1}$
4 . ,
2 . .
3 $z_{1}|z_{1}|^{\mathit{2}},$ $z_{1}|z_{-1}|^{2}$ 3







. $\Re g_{11},$ $\Re g_{12}$ , $\Re g_{11}<\Re g_{12}$ (3.1) – ,
$\Re g_{11}>\Re g12$ (3.1) . $\mathrm{R}\mathrm{W}$ ,
$\mathrm{S}\mathrm{W}$ . $\Re g_{11},$ $\Re_{\mathit{9}12}$ 3 truncated dynamics
. \Re gll, \Re g12
$|\Re g_{11}|>|\Re g_{1\mathit{2}}|$ $\mathrm{S}\mathrm{W}$
. , \pm l Hopf
, $\mathrm{R}\mathrm{W},$ $\mathrm{S}\mathrm{W}$ .
. .
31 22 , (2.3) $g_{11}=-\tilde{H}_{11,g_{1\mathit{2}}=}$
$-\tilde{H}_{12}$ . $\{S_{jk},T_{jk;}0\leq j, k\leq 1\}$ $\tilde{F}_{jk}=\tilde{G}_{jk}=0,0\leq j,$ $k\leq 1$ .
7
$\Re g_{11}>0$ $\Re g_{12}>0$ $RW,SW$ .
, $\Re g11<\Re g_{12}$ $RW$ , $\Re g_{11}>\Re g_{12}$ $SW$





, , $g_{11}=-\tilde{H}_{11},g_{12}=-\tilde{H}_{12}\text{ }$
3 2
. , 3 , $c_{3}>0$ , $2H_{11}=H_{1\mathit{2}}<0$
. (APPendix ) 3 $\mathrm{R}\mathrm{W}$ . 2
SW . .
6 2 $g_{11},$ $g_{1\mathit{2}}$ $s$
. , $L=2\pi,p=2(=1+(D_{1}+D_{2})k_{0}^{2}),$ $q=1.5,$ $D_{1}=0.8,$ $D_{2}=0.\mathit{2},$ $c\mathrm{a}=0$
.
1. $a_{1}$ $a_{1}=1$ : $\Re g_{11}<0,$ $\Re g_{1\mathit{2}}<0$ .
2. $b_{1}$ $b_{1}=1$ :1.06 $\cdots<s<2.5\cdots$ $\Re g_{11},$ $\Re g_{12}$
$|\Re g_{11}|>|\Re g_{12}|$ . $\Re g_{11}<0,$ $\Re g_{12}<0$ .
3. cl cl $=1$ : $\Re g_{11}>0,$ $\Re g_{12}>0$ .
$s<1.411\cdots$ $\Re g_{11}>\Re g_{12}$ .
4. $a_{2}$ $a_{2}=1$ : $\Re g_{11}>0,$ $\Re g_{1\mathit{2}}>0$ .
$s<1.411\cdots$ $\Re g_{11}>\Re g_{12}$ .
5. $b_{2}$ $b_{\mathit{2}}=1$ : $\Re g_{11}>0,$ $\Re g_{12}>0$ .
$s<2.59\cdots$ $\Re g_{11}>\Re g\iota 2$ .
6. $c_{2}$ $c_{2}=1$ : $s$ $\Re g11<0,$ $\Re g12<0$
, $|\Re g_{11}|<|\Re g_{12}|$ .
, 2,3,4,5 s , 3 SW




. 21 , \pm 1- ,
$0,$ \pm 1\tilde 3 Hopf . ,
\sim $A_{0}$ . 2-
. , 11 : $\omega_{0}\neq 0,$ $\omega_{1}\neq$
$0,$ $\omega_{0}\pm \mathit{2}\omega_{1}\neq 0$ .
, 3 .
, $0,$ +1,-1 .
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i $\dot{\mathrm{i}\mathrm{f}}|\mathrm{i}|$ } $||.|$ } $\mathrm{i}_{\mathrm{I}^{\backslash }}\mathrm{t}\xi_{:}^{:}\mathrm{i}|_{1}!.!|!|.!|[\cdot|:\xi|:!||!j|\}_{i}i1,‘.:..$ .} $\mathrm{i}^{j}\}1|:^{\mathrm{t}}!\mathrm{L},$
’
$\prime \mathrm{t}i\mathrm{t}$ , $|*t11\{.‘ t\mathfrak{l}$ $ . $\cdot$ ; $\dot{i}i1i1\mathrm{t}$ : $\dot{i},\mathfrak{i}$ ;
3: (11) . , .
. $L=2\pi,p=2.01,$ $q=1.5,$ $s=1.005,$ $D_{1}=0.7,$ $D_{\mathit{2}}=0.3,$ $a_{1}=b_{1}=c_{1}=b_{2}=c_{2}=$
$0,$ $a_{2}=1,$ $c_{3}=0.3$ . $L=2\pi,p=2.005,$ $q=1.5,$ $s=1.06,$ $D_{1}=0.999,$ $D_{2}=0.001,$ $a_{1}=$
$b_{1}=c_{1}=c_{2}=0,$ $a_{\mathit{2}}=1,$ $b_{2}=0.3,$ $c_{3}=0.3$ . $A_{0},$ $A_{1}$
.
5 Appendix










$G_{0}$ $=$ $F_{00}$ ,
$G_{01}$ $=$ $F_{01}$ ,
$G_{10}$ $=$ $F_{10}$ ,
$G_{11}$ $=$ $F_{11}$ ,
$D_{\alpha\}}^{1}$ $=$ $a_{1}(t_{11}’-it_{12}’)^{2}/2+b_{1}(t_{11}-id_{12})(t_{\mathit{2}1}’-it_{\mathit{2}2}’)+c_{1}(t_{21}’-id_{22})^{2}/2$ ,
$D_{11}^{1}$ $=$ $a_{1}(d_{11}+it_{12}’)^{2}/2+b_{1}(t_{11}’+it_{12}’)(t_{\mathit{2}1}’+it_{\mathit{2}2}’)+c_{1}(t_{21}’+id_{\mathit{2}2})^{2}/2$,
$D_{01}^{1}$ $=$ $a_{1}(t_{11}^{\prime 2}+t_{12}2)/2+b_{1}(t_{11}’d_{21}+t_{12}’t_{22}’)+c_{1}(t_{21}^{\prime \mathit{2}}+t_{\mathit{2}2}2)/\mathit{2}$,
$D_{10}^{1}$ $=$ $D_{01}^{1}$ ,
9
$E_{0}^{1}$ $=$ $a_{1}(t_{11}’-it_{12}’)^{\mathit{2}}/4+b_{1}(t_{11}’-it_{12}’)(t_{21}’-it_{22}’)/2+c_{1}(t_{21}’-it_{22}’)^{2}/4$,
$E_{2}^{1}$ $=$ $a_{1}(t_{11}’+it_{12}’)^{2}/4+b_{1}(t_{11}’+it_{12}’)(t_{21}’+it_{22}’)/\mathit{2}+c_{1}(t_{21}’+it_{2\mathit{2}}’)^{2}/4$ ,
$E_{1}^{1}$ $=$ $a_{1}(t_{11}^{\prime 2}+t_{12}^{\prime 2})/4+b_{1}(t_{11}’t_{21}’+t_{12}’t_{\mathit{2}2}’)/\mathit{2}+c_{1}(t_{21}^{\prime 2}+t_{22}^{\prime 2})/4$,
$D_{lm}^{2},$ $E_{l}^{2}$ $D_{lm}^{1},$ $E_{l}^{1}$ $a_{1},$ $b_{1},$ $c_{1}$ $a_{2},$
$b_{\mathit{2}},$
$c_{\mathit{2}}$ .
$H_{11}=- \frac{3}{8}(t_{11}+it_{\mathit{2}1})(t_{11}’-it_{12}’)(t_{11}^{\prime \mathit{2}}+t_{1\mathit{2}}^{\prime \mathit{2}})$ ,
$H_{12}=- \frac{6}{8}(t_{11}+it_{21})(t_{11}’-it_{12}’)(t_{11}^{\prime 2}+t_{12}^{\prime 2})$ .
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